An U q (sl(n)) invariant transfer matrix with periodic boundary conditions is analysed by means of the algebraic nested Bethe ansatz for the case of q being a root of unity. The transfer matrix corresponds to a 2-dimensional vertex model on a torus with topological interaction w.r.t. the 3-dimensional interior of the torus. By means of nite size analysis we nd the central charge of the corresponding Virasoro algebra as c = (n ? 1) 1 ? n(n + 1)=(r(r ? 1))].
Introduction
Since Bethe's pioneering work 1] on the isotropic XXX-Heisenberg model more than sixty years ago, the Bethe ansatz method has become one of the most important tools in analysing one dimensional integrable quantum chains or equivalently 2-dimensional statistical models. Moreover, it turned out that there is a deep connection between the Bethe ansatz and the underlying symmetry group of the model. This has been stressed by Faddeev and Takhadzhyan 2] investigating the Heisenberg model. For general simple Lie groups this algebraic structure has been summarized in ref . 3] .
For the case of the anisotropic XXZ-Heisenberg model and generalizations of it the underlying Yang-Baxter algebras, which guarantee the integrability of the system, are related to new mathematical structures. Drinfeld 4] and Jimbo 5] have formulated these new structures as quantum groups. Therefrom the question arises whether quantum groups should serve as a generalization of symmetry concepts in physics.
However, deforming the SU(2)-invariant XXX-Heisenberg model with periodic boundary conditions in the traditional 6] way one obtains an XXZ-Hamiltonian which is not U q (sl(2))-invariant 7], 8]. The reason for this puzzle is the non-cocommutativity of quantum groups. This means, roughly speaking, for tensor products one has to distinguish between left and right. So it is not obvious how to identify the most left lattice point with most right one in order to have periodic boundary conditions.
One possibility to obtain a quantum group invariant XXZ-Hamiltonian is to consider open boundary conditions. Such Hamiltonians have been investigated by several authors (see e.g. 9], 7], 10]) 1 . For open boundary conditions one has to apply Bethe ansatz techniques introduced by Sklyanin 11 ] using Cherednik's 12] 're ection property'. By this method the XXZ-Heisenberg model (see e.g. 13]), the spl q (2; 1) invariant supersymmetric t-J model 14] and the U q (sl(n)) invariant generalization of the XXZ-chain 15] have been solved for open boundary conditions. It turns out that these computations are quite involved, especially for the nested Bethe ansatz case.
In the following we present a type of models with periodic boundary conditions which are in addition quantum group invariant. We consider an n-state vertex model on an N M-square lattice on a torus or cylinder as shown in Fig. 1 . As usual the partition 2 1 N Figure 1 : Square lattice on a cylinder considered as a part of a torus function may be written as Z = Tr M ; (1) where the transfer matrix maps one cyclic chain N; N ? 1; : : :; 2; 1 to the next. As is well known, equivalently to these types of model one may analyse one dimensional quantum chain models. We consider a cyclic chain N; N ? 1; : : : ; 2; 1; N; : : : where a fundamental representation space V 1 = C n of U q (sl(n)) is associated to each lattice point i, (i = N; : : : ; 1). As a generalization of the Heisenberg model with periodic boundary conditions one can write an integrable U q (sl(n))-symmetric Hamiltonian H = P 2 NN?1 + : : : + P 2 21 + P 2
1N
(2) acting in the tensor product space
1 Sometimes these models are formulated such that the open boundary conditions are not quite obvious.
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The P 2 ik in eq. (2) project onto the representation 2 contained in the product 1 1 associated to the lattice points i and k according to
For the case of q = 1 (SU(n)-symmetry) these projectors P 2 ik are symmetric under the exchange of i and k. Therefore it is obvious how to de ne P 2 1N . This changes for the quantum group case. The q-projectors can be written in terms of the unit matrices in M n;n (C) for i > k (lattice point i on the left of lattice point k) ( 
Due to the non-cocommutative coproduct of the quantum group U q (sl(n)) the q-projectors P 2 ik are no longer symmetric with respect to i and k. Therefore it is not obvious how P 2
1N
is de ned or how the periodicity for the transfer matrix in eq.
(1) has to be formulated. The traditional answer 6] which means symmetrizing the projectors as given by eq. (5) breaks quantum group invariance, whereas the projectors given by eq. (5) are quantum group invariant. Therefore one should also have a quantum group invariant projector P 2
. One possibility to get a quantum group invariant Hamiltonian is to cancel the projector P 2 1N in eq. (3) which means open boundary conditions, as mentioned above.
For models with periodic boundary conditions one has to take care of the nontrivial topology of the space, i.e. of the graph formed by the square lattice on the cylinder of Fig. 1 . In ref. 16 ] one of the authors of the present paper and Schrader gave a de nition of invariants of graphs on Riemann surfaces using the language of topological quantum eld theories. The surfaces are considered as boundaries of 3-manifolds. These invariants are de ned for the quantum group case if q is equal to a root of unity. We use this de nition of invariants of graphs in order to de ne the vertex model of eq. (1) and Fig. 1 . Using the techniques as formulated in ref. 16] we can write the partition function (1) in terms of invariants of planar graphs. As a result we obtain for the transfer matrix of eq. (1) as well as for the Hamiltonian eq. (2) expressions in terms of planar graphs which are quantum group invariant and belong to periodic boundary conditions. This transition to planar graphs preserves the cyclic invariance of the models which is obvious from Fig. 1 . It turns out that it is much easier to solve the nested Bethe ansatz for the periodic case, compared to the open one. We should add two remarks:
i. The invariants of 3-manifolds and therefore also these vertex models are de ned only for quantum groups where q is a root of unity. 2 ii. The partition function (1) 
act on the tensor product space V 1 V 2 V 3 . The matrix R ik (x ik ) depends on the spectral parameter x ik = x i =x k and acts on V i V k . The "trigonometric" U q (sl(n))-solution 25], 26] can be written in terms of the "constant R-matrix"
R(x) = xR ? x ?1 PR ?1 P (8) where P is the permutation operator P( X > E E ; (9) where the E are the unit matrices in M n;n (C). From eqs. (8) and (9) 
The up-arrows denote the representation 1 . As another example we consider the intertwiners 27]) = q ?n 6 ; (15) where over the states of the internal lines is summed with the weights (14) . In the following summation over internal lines is always assumed.
As another application of the intertwiners (13) we de ne R-matrices acting on other products of V 1 and V 1 using the R-matrix (12) and crossing relations, eg.
With these notations the R-matrix inversion and Skein relations following from eqs. (9) and ( 
In addition to this type of graphs considered so far we use graphs 28] where to each line there belongs not only a representation space V of U q (sl(n)) but also a "spectral parameter" x. For example the spectral parameter dependent R-matrix given by eq. (8) is : (18) and the graphical notation of the Yang-Baxter equation (7) 
In addition we will make use of Cherednik's 12] re ection property. We only need the case of the re ection matrix K = 1 (see e.g. 29] ). For all choices of arrows one derives from eqs. (17) and (18) A A A P P P P P (23) where the spectral parameter at the re ection point (at the dotted line, later denoted by a bar) changes from x to =x and y to =y for an arbitrary constant . In Sect. 3 we will make use of this arbitrariness and take the limit ! 1 which simpli es the nested 
where to all lines (the horizontal one and the vertical ones) the fundamental representation 1 is associated. We have omitted the indices which belong to the vertical space
For the rational case q = 1, one obtains an SU(n)-invariant transfer matrix for periodic boundary conditions as the trace over the horizontal space of the monodromy matrix (24): j q=1 = P n =1 T . For the quantum group case this trace does not yield an U q (sl(n))-invariant transfer matrix. However, the transfer matrix of eq. (1) associated to the vertex model depicted in Fig. 1 corresponds to periodic boundary conditions and should be an U q (sl(n)) invariant. We show in Appendix A using the techniques of topological quantum eld theory developed in 16] that this transfer matrix is given by the graph In order to perform the algebraic (nested) Bethe ansatz for the transfer matrix (26) we introduce two more monodromy matrices T (x; fx i g) = 6 6 6
x N . We obtain much simpler commutation rules in the limit ! 1.
The contributions fromT reduce to constant R-matrices. Also two R-matrices in eq. (29) become constant. So the commutation relations simplify in an essential way.
We write the monodromy matrix T (up to a factor) in the limit ! 1 in block form as a matrix in the horizontal space ; (32) where the entries a(x) and c ? (x) of R(x) are obtained from eqs. (9) and (18) a(x) = x 2 q ? q ?1 x 2 ? 1 and c ? (x) = q ? q ?1 x 2 ? 1 :
The transfer matrix (26) 
Using crossing, inversion and re ection relations (16, 22 and 23) one proves that eq. (29) implies that transfer matrices (34) commute for di erent spectral parameters. In Appendix B we show in addition that the transfer matrix commutes with the generators of 9 the quantum group U q (sl(n)). These generators are derived from the monodromy matrices T or T in the limits x ! 0 or 1.
We now apply the algebraic nested Bethe ansatz method to the eigenvalue problem of the transfer matrix 
where we have introduced an U q (sl(n ? 1)) monodromy matrixT and a transfer matrix The dotted crossings mean the matrix (see eq. (8) 
Therefore we get (with const: = ?1=2(q ?q ?1 )=(q +q ?1 )) up to terms proportional to the unity operator the Hamiltonian of eq. (2) as a sum of projectors P 2 .
In Appendix A we derive the transfer matrix from a cyclic invariant vertex model on a torus. Therefrom it is obvious that the transfer matrix as well as the Hamiltonian (45) describe models with periodic boundary conditions. However, the derivation in Appendix A relies on methods of topological quantum eld theory and here we can give only a short sketch of this methods. Therefore it seems worthwhile to present a direct proof of this fact. We denote the Hamiltonian of eq. (45) 
which nishes the proof of eq. (48). We now use the results of Sect. 3, especially, the Bethe ansatz equations (44) to investigate the nite size behaviour of the ground state energy. In the thermodynamic limit conformal invariance of the system is expected. As shown by Cardy 31] 
For large lattice size N and x 1 the eigenvalue (x) (see eq. (42)) of the transfer matrix is dominated by the term n (x). The following calculation may be easily performed also for excitations but for simplicity we restrict here to the ground state. From eqs. (43), (56) and (58) In a forthcoming paper we will in addition to the ground state also discuss the excitation spectrum, also for other models related to other quantum groups. As mentioned in Appendix A the quantum group representation of the states are determined by the topology of the interior of the 3-manifold, on whose boundary the vertex model is de ned. For the case of trivial topology of the interior of a torus there exist only states which transform trivially under the quantum group. We will analyse more general situations to obtain higher representations. In this paper we have not mentioned questions about positivity, unitarity e.t.c., these will be investigated elsewhere. We decompose M and the square lattice represented by the graph G(x) on the boundary as follows
along two discs D 2 as shown in Fig. 2 . Applying the general surgery formula (7.3) of ref.
16] we have
where G D 2 a as depicted in Fig. 2 , the canonical graph of the disc D 2 , is de ned in ref. 16 ]. On the bottoms of M (1) and M (2) there are the mirror graphs G D 2 a 0 and G D 2 a , respectively. 16
The ( nite) summation is over all colourings a and a 0 of the canonical graphs. Note that the following also holds, if M (1) and M (3) stay connected after the surgery. The piece M (2) is topological equivalent to the ball D 3 with boundary @D 3 = S 2 and the graph G (2) 
Using the Yang-Baxter (7), crossing (16) and inversion (7) 
